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REMARKS ABOUT MARTIO’S CONJECTURE
VILLE TENGVALL
Abstract. We study so-called Martio’s mappings, id est, quasiregular
mappings
f : Ω→ Rn (Ω→ Rn domain with n ≥ 2)
for which the inner dilatation is less than the topological inf-index of
the points in the branch set. In dimension n ≥ 3 we prove that these
mappings are local homeomorphisms under the additional assumption
1/Jf ∈ L
q
loc(Ω) for some q > q0,
where the critical exponent q0 > 0 depends on the dimension of the
space and the ratio between the inner dilatation and the topological inf-
index of the branch points. Moreover, we give an analogous sharp result
in the planar case. We also show that every branch point of a Martio’s
mapping is a Lebesgue point for the differential matrix of the mapping.
1. Introduction
For a given constant K ≥ 1 a mapping
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
is called K-quasiregular if it belongs to Sobolev space W 1,nloc (Ω,R
n) and if
the following distortion inequality
|Df(x)|n ≤ KJf (x)
holds for almost every x ∈ Ω. If a mapping is K-quasiregular for some
K ≥ 1 we usually call it simply quasiregular. Quasiregular mappings that
are homeomorphisms are called quasiconformal mappings. Quasiregular and
quasiconformal mappings have been intensively studied for several decades
and for their basic properties and more detailed background we refer to stan-
dard monographies [AIM09, HKM93, IM01, Res89, Ric93, Va¨71, Vuo88].
To every quasiregular and quasiconformal mapping f : Ω → Rn we asso-
ciate an inner and outer distortion function defined as follows
KI(x, f) =
{
|D#f(x)|n
Jf (x)n−1
, if Jf (x) > 0
1, otherwise
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and
KO(x, f) =
{
|Df(x)|n
Jf (x)
, if Jf (x) > 0
1, otherwise,
respectively. Above and in what follows
Jf (x) := detDf(x) and D
♯f(x) := adjDf(x)
stands for the Jacobian determinant and adjugate matrix of the differential
matrix Df(x). The distortion functions above measure how the infinitesimal
geometry of n-dimensional balls is distorted by the mapping at a given point
and these functions satisfy the following useful pointwise inequalities
KO(x, f) ≤ KI(x, f)
n−1 and KI(x, f) ≤ KO(x, f)
n−1(1.1)
for all x ∈ Ω. The corresponding inner and outer dilatations are defined by
KI(f) := ess sup
x∈Ω
KI(x, f) and KO(f) := ess sup
x∈Ω
KO(x, f),
and the maximal dilatation is defined by the maximum out of these two
dilatations
Kf := max{KI(f),KO(f)} .
In addition to the above-mentioned dilatations we discuss in Section 3 the
linear dilatations H(f) and H∗(f) briefly.
In this paper we study the dependence of local injectivity of quasiregular
mappings on the size of the dilatations discussed above. More precisely, we
are interested in the conditions under which the branch set
Bf = {x ∈ Ω : f is not a local homeomorphism at x}
of a quasiregular mapping f : Ω → Rn is empty. The main motivation
for our investigations comes from the well-known Martio’s conjecture, see
[MRV71, Remark 4.7]. In this paper we state a slightly stronger version of
the conjecture:
Conjecture 1.1 (Strong Martio’s conjecture). Every non-constant quasireg-
ular mapping
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 3)
with KI(f) < infx∈Bf i(x, f) is a local homeomorphism.
Above and in what follows i(x, f) ∈ Z stands for the local (topological)
index of a point x ∈ Ω under a quasiregular mapping f : Ω → Rn. Note
that
i(x, f) ≥ 2 for every x ∈ Bf ,
see [Ric93, Chapter I] for further details. We also point out that the holo-
morphic mapping
f : C→ C, f(z) = zm (m ≥ 2)(1.2)
shows the conjecture to fail in dimension two. Furthermore, in the context
of Conjecture 1.1 one should notice that locally homeomorphic quasiregular
mappings are not necessarily global homeomorphisms. However, by Zorich’s
theorem [Zor67] entire quasiregular mappings
f : Rn → Rn (n ≥ 3)
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are indeed quasiconformal mappings. This theorem has been further gener-
alized by Martio, Rickman, and Va¨isa¨la¨ in [MRV71, Theorem 2.3], see also
[Joh68] for the locally bi-Lipschitz case. Note that the exponent function
f : C→ C, f(z) = exp(z)
shows Zorich’s theorem to fail in dimension two. For further discussion,
see e.g. [KLTc, KLTb, Sar76], the monograph [Ric93, Section III.3], and
the survey article [Vuo92, p. 132–148] by Zorich. In order to simplify our
presentation we use the following terminology:
Definition 1.2 (Martio’s mapping). A non-constant quasiregular mapping
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
is called Martio’s mapping if it satisfies
KI(f) < inf
x∈Bf
i(x, f).(1.3)
Furthermore, we call the set
BIf := {z ∈ Bf : i(z, f) = inf
x∈Bf
i(x, f)}
the inf-index branch set of a quasiregular mapping f .
Then Conjecture 1.1 claims that all Martio’s mappings in dimension n ≥ 3
are local homeomorphisms. Especially, it tells that in dimension n ≥ 3 the
standard m-to-1 winding mapping
(r, θ, z)
w
7→ (r,mθ, z) (z ∈ Rn−2) ,(1.4)
written here in cylindrical coordinates, should be an extremal for the local
homeomorphism property of quasiregular mappings in terms of the inner
dilatation. Indeed, this mapping is branching on an (n − 2)-dimensional
hyperplane and its inner and outer dilatations are
KI(w) = m and KO(w) = m
n−1,
where m is the degree of the mapping. Note that Martio’s conjecture can be
stated also in terms of the other dilatations discussed above. A modification
of the standard winding mapping usually gives a suitable candidate for the
extremals of these other types of conjectures as well, see [Martin, p. 28] for
further discussion.
The main motivation to Martio’s conjecture comes from the generalized
Liouville’s theorem of Gehring [Geh62] and Reshetnyak [Res67] which says
that non-constant 1-quasiregular mappings in dimension n ≥ 3 are restric-
tions of Mo¨bius transformations, see also [BI82]. In [MRV71, Theorem 4.6]
Martio, Rickman and Va¨isa¨la¨ (see also [Gol71]) showed that the local homeo-
morphism property of 1-quasiregular mappings holds also for mappings with
the dilatation close to one by proving that in each dimension n ≥ 3 there
exists ε(n) > 0 such that every quasiregular mapping
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 3)
with KI(f) < 1 + ε(n) is a local homeomorphism. Their proof was based
on a normal family argument applied to a sequence {gj}
∞
j=1 of quasiregular
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mappings such that
gj : B
n → Bn and lim
j→∞
KI(gj) = 1,(1.5)
and to the use of generalized Liouville’s theorem. Especially, the proof does
not give any explicit estimate for the number ε(n) > 0. The only explicit
bound for this number is given by Rajala in [Raj05]. However, the bound is
only slightly larger than zero and it depends on the dimension of the space.
The results in [MRV71, Raj05] are actually formulated in terms of the outer
dilatation but by using (1.1) one can reformulate them in terms of the inner
dilatation as well.
In this paper we gain some new information on Martio’s conjecture by
studying the area distortion between the branch set and its image. Our tech-
nique is very similar to the one used in [BH04, HK00]. First we use [Ric93,
Proposition III.5.3] and a slight modification of Martio’s result [Mar70, The-
orem 6.8] to obtain the following sharp Hausdorff dimension estimate:
n− 2 ≤ dimH f(Bf) ≤ αf dimH Bf ,(1.6)
where
αf :=
(
KI(f)
infx∈Bf i(x, f)
) 1
n−1
,(1.7)
whenever Bf is non-empty, see also [Ric93, Theorem III.5.5]. After this we
use the regularity of a generalized inverse mapping together with Sobolev
embedding theorem to control the geometric size of the branch set from
above in terms of its image. After gaining a good enough control of the
dimension of the branch set we can try to use it to derive a contradiction
with (1.6). This approach gives us the following theorem which we prove in
Section 6:
Theorem 1.3. Let
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 3)
be a Martio’s mapping such that
1/Jf ∈ L
q
loc(Ω) for some q >
2
n(1− αf )
− 1.
Then f is a local homeomorphism.
One of the main problems in Martio’s conjecture is to understand the
difference between the planar and higher dimensional theory of quasiregular
mappings. The problem is especially caused by the lack of understanding
of the topological structure of allowable branch sets in higher dimensions.
On the other hand, in dimension two this structure is quite well-understood.
Indeed, it follows from Sto¨ılow factorization theorem that every planar K-
quasiregular mapping f : Ω → C of a domain Ω ⊂ C can be written in the
form
f(z) = φ ◦ g(z) for every z ∈ Ω,
where g : C → C is K-quasiconformal and φ is holomorphic in g(Ω), see
[AIM09, Theorem 5.5.1]. Therefore, the branch set of a planar quasiregular
mapping is a discrete set. Especially, its local topological behaviour at each
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of its branch points with local index m ≥ 2 is similar to the behaviour of
the holomorphic mapping in (1.2).
In higher dimensions the collection of the allowable branch sets is much
larger and full of surprises. For instance, in some cases these sets can be
compact [KLTc], contain knot components [CH61, Theorem 3.2], and they
can be supersets of certain tame [BH04, GV73, MV88] or even wild Cantor
sets [HR98]. At the same time it is not known, for instance, if the branch
set in dimension three can coincide with some wild Cantor set, see e.g.
[Hei02, p. 693]. These are only some of the obstacles one needs to face in
order to understand the structure of the branch sets in higher dimensions.
Unfortunately, it seems that Theorem 1.3 does not extend our topological
understanding on Martio’s conjecture. However, in Section 7 we show that
in planar case even a stronger analogous theorem is valid. Furthermore, the
planar result turns out to be sharp. To some extend this unifies the planar
and higher dimensional cases of our problem:
Theorem 1.4. Let f : Ω → C be a Martio’s mapping of a domain Ω ⊂ C
such that
1/Jf ∈ L
q
loc(Ω) for some q ≥
αf
1− αf
.
Then f is a local homeomorphism. Furthermore, the critical exponent q0 =
αf/(1 − αf ) is optimal.
In [KLTa] we proved with Kauranen and Luisto the strong Martio’s con-
jecture for mappings of bounded length distortion (abbr. BLD-mappings),
i.e., for Lipschitz mappings
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
such that
Jf (x) > c for almost every x ∈ Ω,
where c > 0 is some positive constant, see e.g. [GMRV00, HK00, MV88] for
further information about the local injectivity properties of these mappings.
Therefore, Theorems 1.3 and 1.4 improve our earlier result from [KLTa]. In
this paper we also obtain several alternative proofs for this, see Remark 2.2
and 4.3. The results of this paper should be contrasted with the well-known
inverse function theorem which states that every continuously differentiable
mapping is a local diffeomorphism outside its zero set of the Jacobian de-
terminant, see [Cri88] for some further generalizations of this theorem.
As a motivation to Theorems 1.3 and 1.4 we recall that for every quasireg-
ular mapping
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
there exists q > 0 such that
1/Jf ∈ L
q
loc(Ω),
see e.g. [HKZ07, p. 254]. In the planar case it follows from Astala’s optimal
regularity result for quasiconformal mappings [Ast94] and Sto¨ılow factoriza-
tion theorem that for every quasiregular mapping
f : Ω→ R2 (Ω ⊂ R2 domain)
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and for every compact set E ⊂ Ω one has
1/Jf ∈ L
q(E) for all q <
1
KI(f)m− 1
,(1.8)
where m stands for the maximal multiplicity of f on E. Sharpness of the
exponent bound in (1.8) can be obtained by composing the holomorphic
mapping in (1.2) with the radial stetching
h : C→ C, h(z) = z|z|K−1.
In higher dimensions the optimal degree of integrability for 1/Jf is not
known. We discuss the topic further briefly in the end of Section 5.
There are also several other important partial results concerning Martio’s
conjecture. First of all, the conjecture is known to be true if the branch
set contains any non-constant rectifiable arc, see e.g. [Ric93, p. 76]. Also
all sufficiently smooth quasiregular mappings are local homeomorphisms.
Indeed, by the result of Bonk and Heinonen [BH04, Theorem 1.2] there
exists δ := δ(n,K) > 0 such that every Cn/(n−2)−δ-smooth K-quasiregular
mapping
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 3)
is locally invertible. For the sharpness of this Sard-type theorem, see [BH04,
Theorem 1.1] and [KTW05, Theorems 1.5–1.6]. Local injectivity of quasireg-
ular mappings also follows if the dilatation tensor
Gf (x) =
{
Df(x)TDf(x)
Jf (x)2/n
, if Jf (x) > 0
I , otherwise
is approximately continuous or is close to some continuous matrix-valued
function in BMO or VMO, see [GMRV98, Theorem 3.22] and [MRV99, The-
orem 4.1 and 5.1]. Most of the arguments that apply the properties of the
dilatation tensor to study Martio’s conjecture use a similar kind of com-
pactness argument as we have seen in (1.5) combined with the fact that a
quasiregular mapping is locally invertible at each point x0 ∈ Ω where the
condition
lim
r→0
 
Bn(x0,r)
|Gf (z)−
 
Bn(x0,r)
Gf (x) dx| dz = 0(1.9)
holds, provided that n ≥ 3. Especially, it follows that if Gf ∈W
1,p for some
p ∈ [1, n] then
Hn−p(Bf ) = 0.
For further discussion in this direction we refer to [HK00]. If one wishes to
study Martio’s conjecture further in terms of the dilatation tensor then the
following theorem, which we prove in Section 2, might turn out to be useful
as we see in Remark 2.2.(3):
Theorem 1.5. Let
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
be a non-constant K-quasiregular mapping such that
KI(f) < i(x0, f) for a given x0 ∈ Bf .
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Then there exist
p = p(n,K) > n and r0 > 0
such that for every exponent 0 < s < p(n,K) and every radius 0 < r < r0
we have
lim
r→0
 
Bn(x0,r)
|Df(x)−Df(x0)|
s dx ≤ Cx0r
s(µ−1),
where µ = (i(x0, f)/KI(f))
1/(n−1) and Cx0 := Cx0(n,K, s).
In addition to the above-mentioned results, for some additional informa-
tion and related results to Martio’s conjecture we also refer to the ICM-
address of Heinonen [Hei02], the work of Iwaniec [Iwa87] about the stability
properties of Mo¨bius mappings, the celebrated work of Iwaniec and Martin
[IM93], and the survey article by Srebro [Vuo92, p. 104–118]. The reader
might also consider the work [MR73] of Martio and Rickman as well as the
paper [Ric85] by Rickman useful for this topic.
Finally, we point out that Theorems 1.3–1.5 connect Martio’s conjecture
to an even more well-known Gehring-Reich conjecture [GR66] about the area
distortion and optimal higher integrability of quasiconformal and quasireg-
ular mappings. We already mentioned that this conjecture was solved in the
planar case by Astala [Ast94], see also e.g. [ACM+08, LSUT10]. For the
description of the higher dimensional case we refer to the monograph [IM01]
and for further details on the planar case we recommend the monograph
[AIM09].
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2. Singular set of quasiregular mappings with small dilatation
Recall that if
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
is a non-constant quasiregular mapping then by [Ric93, Theorem III.4.7] for
each x ∈ Ω there exist positive numbers r(x), CO(x), and CI(x) such that
CO(x)|x− y|
νf (x) ≤ |f(x)− f(y)| ≤ CI(x)|x− y|
µf (x)(2.1)
for every y ∈ Bn(x, r(x)), where
µf (x) =
(
i(x, f)/KI(f)
) 1
n−1
and νf (x) =
(
i(x, f)KO(f)
) 1
n−1
.
When
KI(f) < i(x, f) for all x ∈ Bf ,
the upper estimate in (2.1) implies that
Bf ⊂ Df ∩ Sf ,(2.2)
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where
Df := {x ∈ Ω : f is differentiable at x}
is called the set of differentiability of f and
Sf := {x ∈ Ω : |Df(x)| = 0}
is called the singular set of f . Usually the set Df ∩ Sf is much larger than
the branch set Bf even for quasiregular mappings with a small dilatation.
Indeed, by [GV73, Final remarks 23] for every ε > 0 there exists a (1 + ε)-
quasiconformal mapping f : Ω→ Rn such that
dimH(Df ∩ Sf ) = n.
On the other hand, by [BH04, Theorem 1.3] there exists η(n,K) > 0 such
that
dimH Bf ≤ n− η(n,K)
for every K-quasiregular mapping f : Ω → Rn, see also [OR09]. In other
words, under the assuptions of the strong Martio’s conjecture the inclusion
in (2.2) could in principle be strict. Therefore, it is not enough to analyze the
singular set in order to provide information about the geometric properties of
the branch set for quasiregular mappings with a small dilatation. Especially,
it seems that the techniques similar to [CNV15] cannot work directly to
Martio’s conjecture.
Despite these difficulties it turns out that under the assumptions of strong
Martio’s conjecture we can still estimate the decay of |Df | at the branch
points. For this purpose, let us recall that by [IM01, Theorem 14.4.1] every
K-quasiregular mapping
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
belongs to Sobolev space W 1,sloc (Ω,R
n) for all s with
q(n,K) :=
nλK
λK + 1
< s <
nλK
λK − 1
=: p(n,K),(2.3)
for some λ = λ(n) ≥ 1 which is conjectured equal to 1, see [IM01, p.
164]. Furthermore, for each test function φ ∈ C∞0 (Ω) the Caccioppoli-type
inequality
‖φDf‖Ls ≤ C(n,K, s)‖f ⊗∇φ‖Ls(2.4)
holds whenever q(n,K) < s < p(n,K). This way we obtain the following
result:
Proposition 2.1. Let
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
be a non-constant K-quasiregular mapping such that
KI(f) < i(x0, f) at a point x0 ∈ Bf
and suppose that q(n,K) < s < p(n,K). Then there exist constants
Cx0 := Cx0(K,n, s) > 0 and r0 := r0(x0) > 0
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such that 
Bn(x0,r)
|Df(x0)−Df(x)|
s dx ≤ Cx0(K,n, s)r
s(µ−1) whenever 0 < r < r0 ,
where µ := (i(x0, f)/KI(f))
1/(n−1).
Proof. By (2.1) the mapping f is differentiable at the point x0 and
Df(x0) = 0.
Without loss of generality, we may assume that x0 = f(x0) = 0. For each
r > 0 define ϕr : R
n → R,
ϕr(x) =


1, if 0 ≤ |x| ≤ r
1− |x|−rr , if r < |x| < 2r
0, if |x| ≥ 2r
to be the standard cut-off function. If we fix an exponent s such that
q(n,K) < s < p(n,K),
then by [IM01, Theorem 14.4.1] we getˆ
B2r
|Df(x0)−Df(x)|
s dx ≤ C(K,n, s)
ˆ
B2r
|f(x)|s|∇ϕ(x)|s dx(2.5)
= C(K,n, s)r−s
ˆ
B2r
|f(x)|s dx.
By [Ric93, Theorem III.4.7] we find Cx0 > 0 and r0 > 0 such that
|f(x)| ≤ Cx0 |x|
µ(2.6)
for all x ∈ Bn(0, r0). Therefore, by combining (2.5) and (2.6) we have 
Br
|Df(x0)−Df(x)|
s dx ≤ Cx0(K,n, s)r
s(µ−1) for all x ∈ Bn(x0, r0) ,
and the claim follows. 
Now Theorem 1.5 is a direct consequence of Proposition 2.1 and Ho¨lder’s
inequality. Notice also that Proposition 2.1 implies that every branch point
of a Martio’s mapping is a Lebesgue point of the differential matrix of the
mapping.
Proof of Theorem 1.5. Fix s ∈ (0, p(n,K)). We may assume that
0 < s ≤ q(n,K)
as otherwise the claim follows from Proposition 2.1. By applying Ho¨lder’s
inequality and Proposition 2.1 we get
lim
r→0
 
Bn(x0,r)
|Df(x0)−Df(x)|
s dx ≤ lim
r→0
( 
Bn(x0,r)
|Df(x0)−Df(x)|
n dx
) s
n
≤ lim
r→0
Cx0(K,n, s)r
s(µ−1),
and the claim follows. 
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Remark 2.2. Suppose that
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
is a Martio’s mapping with a bounded length distortion. Then:
(1) One can use the upper estimate in (2.1) and radiality properties of
BLD-mappings to show that f is a local homemorphism, see [KLTa].
(2) Proposition 2.1 implies the local homeomorphism property of f as
well. Indeed, for every BLD-mapping we may find a constant c > 0
such that
Jf (x) > c for almost every x ∈ Ω.
Therefore, Proposition 2.1 can hold for f only if Bf = ∅.
(3) If x0 ∈ Bf then we may use Theorem 1.5 to show
lim
r→0
 
Bn(x0,r)
|Gf (z)−
 
Bn(x0,r)
Gf (x) dx| dz = 0,
which is the condition (1.9). This is enough to show that Bf = ∅
whenever n ≥ 3.
Especially, all of the remarks above imply the strong Martio’s conjecture for
BLD-mappings.
3. Linear dilatations of quasiregular mappings
In this section we discuss shortly the linear and the inverse linear di-
latations of quasiregular mappings. We also make some remarks about the
connection between these dilatations and the strong Martio’s conjecture.
For this purpose let us first recall that if
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
is a quasiregular mapping, then a domain U ⋐ Ω is called normal domain
of the mapping if
f(∂U) = ∂f(U).
If x ∈ Ω and U ⋐ Ω is a normal domain such that
U ∩ f−1(f(x)) = {x},
then U is called a normal neighborhood of x. In addition, in what follows
for a given point x ∈ Ω we denote by U(x, f, r) the x-component of the
preimage f−1(Bn(f(x), r)). Under the terminology introduced above we
recall the following standard consequence of [Ric93, Lemma I.4.9]:
Lemma 3.1. Let
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
be a non-constant quasiregular mapping. Then for every x ∈ Ω there exists
a radius rx > 0 for which U(x, f, r) is a normal neighborhood of x such that
f(U(x, f, r)) = Bn(f(x), r) for every 0 < r ≤ rx.
Moreover, we have
diamU(x, f, r)→ 0 as r→ 0.
One may also replace the balls in the statement by cubes.
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Suppose next that
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
is a non-constant quasiregular mapping. Then for each
0 < r < dist(x, ∂Ω) and 0 < s < dist(f(x), ∂f(Ω))
we set
l(x, f, r) := inf
|x−y|=r
|f(x)− f(y)| and L(x, f, r) := sup
|x−y|=r
|f(x)− f(y)| ,
and
l∗(x, f, s) := inf
z∈∂U(x,f,s)
|x− z| and L∗(x, f, s) := sup
z∈∂U(x,f,s)
|x− z| .
Then the functions
H(x, f) = lim sup
r→0
L(x, f, r)
l(x, f, r)
and H∗(x, f) = lim sup
s→0
L∗(x, f, s)
l∗(x, f, s)
are called the linear distortion and inverse linear distortion of f , respec-
tively. The corresponding linear dilatation and inverse linear dilatation are
defined by
H(f) := sup
x∈Ω
H(x, f) and H∗(f) := sup
x∈Ω
H∗(x, f) .
It follows from [Ric93, Theorems II.4.3–4.4] that these dilatations are finite.
As it was mentioned in Section 1, we could formulate Martio’s conjecture
also in terms of linear dilatations.
For our investigations we need the following standard lemma from [Ric93,
Corollary III.4.6]:
Lemma 3.2. Let
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
be a non-constant quasiregular mapping. Then
H∗(f) ≤ exp
(
2
(
ωn−1KI(f)KO(f)
cn
)1/(n−1))
=: C∗ ,
where the constant cn > 0 depends only on n and is defined in [Va¨71, 10.11]
and ωn−1 stands for the (n− 1)-measure of the unit sphere S
n−1(0, 1).
We point out that the pointwise behaviour of the linear distortions is
not well-understood. Based on the works of Seittenranta [Sei98] and Chen
[Che01] it seems that there is a change in the behaviour of these functions
when the value of the outer dilatation goes below the local index i(x, f).
In the context of the strong Martio’s conjecture one may see this as an
interesting correlation.
We also remark that Lemma 3.2 is commonly used to prove the continuity
estimates in (2.1), see the proof of [Ric93, Theorem III.4.7]. This way the
constant C∗ from Lemma 3.2 also appears to the estimates of the local
Lipschitz constants CO and CI in (2.1). Finding the optimal estimates for
these constants under suitable scaling assumptions is connected to the study
of Mori’s theorem [Mor56] and its generalizations, see e.g. [BV11, Pra14].
The reason we point this out is that in some occasions a good enough control
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on the local Lipschitz constants may imply local homeomorphism property
of a given mapping, see [Gro99, Proposition 2.9] and the proof of [KLTa,
Theorem 1].
4. Local injectivity and the geometric size of the set f(Bf )
By [Ric93, Proposition III.5.3] for every quasiregular mapping
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
with Bf 6= ∅ we have the following lower bound
Hn−2(f(Bf )) > 0(4.1)
for the geometric size of the image of the branch set. Thus, for the Hausdorff
dimension of this set we have
dimH f(Bf ) ≥ n− 2.(4.2)
In this section our goal is to give an upper estimate for the geometric size
of the set f(Bf ). In order to do so, we recall that by the result of Martio
[Mar70, Theorem 6.8] if
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
is a non-constant quasiregular mapping and F is a compact subset of Bf
with
Hβ(f(F )) > 0 for some β > 0,
then
inf
x∈F
i(x, f) <
(n
β
)n−1
KI(f) .(4.3)
Proof of this result can be found also from [Ric93, Theorem III.5.5]. No-
tice that inequalities (4.2)–(4.3) imply that in dimension n ≥ 3 for every
quasiregular mapping with a non-empty branch set we have
inf
x∈Bf
i(x, f) < 9KI(f),
see [Ric93, Corollary III.5.8]. This tells us that the possible counterexam-
ples to the strong Martio’s conjecture cannot have an arbitrarily large local
inferior branch index
iBf := inf{i(x, f) : x ∈ Bf}.
Proposition 4.1 below gives a very small but at the same time a very
useful modification of the above-mentioned inequality (4.3) of Martio. The
proof is almost identical to the one in [Mar70, Ric93]:
Proposition 4.1. Let
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 3)
be a non-constant quasiregular mapping with a non-empty branch set Bf . If
F is a compact subset of Bf with
Hp(f(F )) > 0 for some p > 0,
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then
inf
x∈F
i(x, f) ≤
(
dimH F
dimH f(F )
)n−1
KI(f) .(4.4)
Proof. By [Ric93, Corollary III.4.6]
H∗(x, f) ≤ C∗ for all x ∈ Ω,
where the constant
C∗ := C∗(n,KO(f),KI(f)) > 0
is given in Lemma 3.2. Set
c := C∗ + 1.
Similarly as in the proof of [Ric93, Theorem III.5.5] we conclude that there
exists an integer i0 such that the sets
Fi :=
{
x ∈ F :
L∗(x, r)
l∗(x, r)
≤ c for all r ∈]0, 1/i[
}
are compact for all integers i ≥ i0. Denote
α := dimH F and β := dimH f(F ).
Fix η > 0 such that β − η > 0. Such η > 0 exists as by the assumption of
the theorem we have β > 0. Since
F =
⋃
i
Fi ,
we can fix i ≥ i0 such that
Hβ−η(f(Fi)) > 0 .
Then we may write
Fi =
m⋃
j=2
{x ∈ Fi : i(x, f) = j} .
For simplicity, we denote
Fij := {x ∈ Fi : i(x, f) = j}.
We fix j such that
Hβ−η(f(Fij)) > 0.
By applying Lemma 3.1 we may pick x0 ∈ Fij and σ with the following
properties:
(i) 0 < σ < 1/i,
(ii) Uσ := U(x0, f, σ) is a normal neighborhood of x0, and
(iii) we have
Hβ−η(f(Fij ∩ Us)) > 0
for all 0 < s ≤ σ, where Us := U(x0, f, s).
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Choose u > 0 such that Bn(x0, 2u) ⊂ Uσ and then select s > 0 such that
U s ⊂ B
n(x0, u). The continuity of f implies that
τ(r) := sup
x∈F
L(x, f, r)→ 0 as r → 0.
Fix r0 ∈]0,dist(F, ∂G)[ such that
τ(r) < dist(f(Sn−1(x0, u)), B
n(f(x0), s)) for all 0 < r ≤ r0.
For the contrary, suppose now that
inf
x∈F
i(x, f) >
(
dimH F
dimH f(F )
)n−1
KI(f) ,
and set
A := Fij ∩ Us .
Then we claim that Hβ−η(f(A)) = 0 for all sufficiently small η > 0. In order
to show this we fix
ε > 0 and t > 0.
In addition, fix δ > 0 and η > 0 such that
inf
x∈F
i(x, f) >
(
α+ δ
β − η
)n−1
KI(f)(4.5)
Since dimH Bf = α, we can cover A by balls Bk := B
n(xk, rk), k = 1, 2, . . .,
such that
(1) xk ∈ A for all k,
(2) rk < r0,
(3) τ(rk) < t/2, and
(4)
∑
k r
α+δ
k < ε.
By (2) the pair
Ek := (Uσ , V k)
is a condenser, when
Vk := U(xk, Lk), with Lk := L(xk, f, rk).
Since i(xk, f) = i(x0, f), it follows that Vk is a normal neighborhood of xk.
Thus, by [Ric93, Theorem II.10.11] and the assumption (4.5) we get
cap f(Ek) =
KI(f)
i(x0, f)
capEk <
(
β − η
α+ δ
)n−1
capEk .
Since
f(Uσ) ⊂ B
n(f(xk), 2σ) and Bn(f(xk), Lk) ⊂ f(V k),
we have
cap(Bn(f(xk), 2σ), Bn(f(xk), Lk)) ≤ cap f(Ek) .
Similarly
capEk ≤ cap(B
n(xk, u), Bn(xk, L
∗
k)) ,
where
L∗k := L
∗(xk, f, Lk) = sup
z∈∂U(xk,Lk)
|xk − z| .
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These estimates give us
ωn−1
(log(2σ/Lk))n−1
≤ cap f(Ek) <
(
β − η
α+ δ
)n−1
capEk
≤
(
β − η
α+ δ
)n−1 ωn−1
(log(u/L∗k))
n−1
.
In addition, similarly as in the proof of [Ric93, Theorem III.5.5] we conclude
that
l∗k := l
∗(xk, f, Lk) = inf
z∈∂U(xk,Lk)
|xk − z| = rk .
Thus, we obtain
Lk ≤ 2σ
(
L∗k
u
)α+δ
β−η
≤ 2σu−
α+δ
β−η c
α+δ
β−η (l∗k)
α+δ
β−η = br
α+δ
β−η
k ,(4.6)
where
b := 2σu
− α+δ
β−η c
α+δ
β−η .
The set f(A) is covered by the sets f(Bn(xk, rk)). Furthermore, by (3) we
have
diam(f(Bn(xk, rk))) < t for every k.
Hence (4.6) and (4) imply
Hβ−ηt (f(A)) ≤
∑
k
λβ−η diam(f(B
n(xk, rk)))
β−η ≤ 2β−ηλβ−η
∑
k
Lβ−ηk
≤ 2β−ηbβ−ηλβ−η
∑
k
rα+δk < 2
β−ηbβ−ηε ,
where λβ−η > 0, see proof of [Ric93, Theorem III.5.5]. By letting ε→ 0 we
see that Hβ−η(f(A)) = 0 which contradicts (iii). This gives us that
inf
x∈F
i(x, f) ≤
(
α+ δ
β − η
)n−1
KI(f)
for every δ > 0 and η > 0 small enough. Therefore, by letting δ → 0 and
η → 0 the estimate (4.4) follows. 
Corollary 4.2. Let
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
be a non-constant quasiregular mapping. Then
dimH f(Bf ) ≤ αf dimH Bf ,
where αf :=
(
KI(f)/ infx∈Bf i(x, f)
)1/(n−1)
.
Proof. Without loss of generality we may assume that Bf 6= ∅. Furthermore,
in the case n = 2 the branch set and its image are discrete sets which implies
dimH Bf = 0 and dimH f(Bf ) = 0.
Therefore, in dimension two the claim is trivial. Assume next that n ≥ 3.
Let
Ei := {x ∈ Ω : dist(x, ∂Ω) > 1/i} ∩Bn(0, i
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and denote
Fi := Ei ∩Bf .
By estimate (4.1) there exists i0 ≥ 1 such that
Hn−2(f(Fi)) > 0
for all i ≥ i0. Thus, by Proposition 4.1 we have
dimH f(Fi) ≤ αf dimH Fi(4.7)
for all i ≥ i0. The claim follows by letting i→∞ in the estimate (4.7). 
Remark 4.3. Suppose that
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
is Martio’s mapping. Then:
(1) Corollary 4.2 says that in dimension n ≥ 3 the dimension of Bf is
necessarily reduced by a Martio’s mapping. In other words, we have
dimH Bf < dimH f(Bf ) .
Thus, a possible counterexample to Martio’s conjecture needs to be
a dimension reducing map in the branch set.
(2) BLD-mappings preserve Hausdorff dimensions of sets, see [MV88,
Corollary 4.23]. Thus, Corollary 4.2 provides us yet another proof
for the strong Martio’s conjecture in the BLD-setting.
5. Generalized inverse
Our next goal is to give an upper estimate for the geometric size of the
set Bf . For a quasiconformal mapping
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
the size of a set E ⊂ Ω is usually estimated by applying the modulus of
continuity of the inverse mapping in the set f(E). More precisely, by (2.1)
for every y0 ∈ f(Ω) we may find a radius r := r(y0) > 0 such that
|f−1(y)− f−1(y0)| ≤ C|y − y0|
1/KO(f)
1/(n−1)
whenever y ∈ Bn(y0, r0). Thus, for every compact set E ⊂ Ω with
dimH f(E) = β
we have
dimH E ≤ βKO(f)
1
n−1 .
In the case of quasiregular mappings the inverse mapping is not even locally
well-defined if we are in a neighborhood of a branch point. However, if we
are interested in analyzing only the geometric size of the inf-index branch
set
BIf = {x ∈ Ω : i(x, f) ≤ i(z, f) for all z ∈ Bf}
we may apply the so-called generalized inverse mapping to estimate its size:
REMARKS ABOUT MARTIO’S CONJECTURE 17
Definition 5.1. Let
f : Ω→ Rn (Ω→ Rn domain with n ≥ 2)
be a non-constant quasiregular mapping and let U ⋐ Ω be a normal domain
of f with degree m := µ(f, U). Then the mapping
gU : f(U)→ R
n, gU (y) =
1
m
∑
x∈f−1(y)∩U
i(x, f)x
is called the generalized inverse of f associated to U .
In what follows, we denote by
N(f, U) := sup
y∈Rn
card f−1(y) ∩ U
the maximal multiplicity of f in a normal nomain U ⋐ Ω. The following
simple lemma is needed for our analysis:
Lemma 5.2. Let
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
be a non-constant quasiregular mapping and U ⋐ Ω a normal neighborhood
of a point x0 ∈ B
I
f . Then
gU ◦ f(x) = x and f ◦ gU (y) = y
for every x ∈ U ∩Bf and y ∈ f(U ∩Bf ).
Proof. Let us first fix x ∈ U ∩Bf . Because x0 ∈ B
I
f we necessarily have
i(x, f) ≥ i(x0, f).(5.1)
On the other hand, because U is a normal neighborhood of x0 it follows
from [Ric93, Proposition I.4.10] that
µ(f, U) = N(f, U) = i(x0, f) =: m,
where the number µ(f, U) ∈ Z stands for the degree of the mapping in a
normal domain U , see [Ric93, Section I.4] for further information. Thus, by
applying [Ric93, Proposition I.4.4] we get
i(x0, f) = µ(f, U) =
∑
z∈f−1(f(x))∩U
i(z, f)
= i(x, f) +
∑
z∈(f−1(f(x))∩U)\{x}
i(z, f),
which gives us
i(x, f) ≤ i(x0, f) and f
−1(f(x)) ∩ U = {x} .(5.2)
Thus, by (5.1)–(5.2) we have i(x, f) = m, and we may write
gU (f(x)) =
1
m
∑
z∈f−1(f(x))∩U
i(z, f)z = x,
which gives us the first part of the proof.
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Let us next fix y ∈ f(U ∩ Bf ). Then there exists x ∈ U ∩ Bf such that
y = f(x). By applying the first part of the proof we observe that
f−1(y) ∩ U = {x} and i(x, f) = m.
Thus, we get
f ◦ gU (y) = f
(
1
m
∑
z∈f−1(y)∩U
i(z, f)z
)
= f(x) = y ,
and the claim follows. 
The previous lemma tells us that the generalized inverse mapping pre-
serves the topological structure of the inf-index branch set. This observation
can be stated as follows:
Corollary 5.3. Let
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
be a non-constant quasiregular mapping with a non-empty branch set. Let
U ⋐ Ω be a normal domain of f such that
N(f, U) = inf
x∈Bf
i(x, f).
Then
gU (f(U ∩Bf )) = U ∩Bf .
Proof. The claim follows from [Ric93, Proposition I.4.10] and Lemma 5.2.

Corollary 5.3 leads us to investigate the regularity properties of the gen-
eralized inverse mappings associated to the normal neighborhoods of points
in the inf-index branch set. By [Ric93, Lemma II.5.3 and Lemma II.7.1]
every generalized inverse gU of a quasiregular mapping belongs to Sobolev
space W 1,n. Next we obtain a higher regularity result for these mappings:
Proposition 5.4. Let
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
be a non-constant quasiregular mapping. Suppose that U ⋐ Ω is a normal
domain of f such that
1/Jf ∈ L
p−n
n (U)
for some p ≥ n. Then for the generalized inverse mapping associated to U
we have
gU ∈W
1,p(f(U),Rn).
Proof. Let us denote
V := f(U \Bf ) and m := N(f, U).
By [Ric93, Lemma II.5.3 and Lemma II.7.1] we know that
gU ∈W
1,n(f(U),Rn)
and by [Ric93, Proposition I.4.14] we have
|f(U ∩Bf )| = 0.
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Therefore, it suffices to show that
|DgU | ∈ L
p(V ) whenever 1/Jf ∈ L
p−n
n (U) for a fixed p > n.
For this we observe that by Lemma 3.1 we may cover the set V with a
countable collection of closed cubes
Qi ⋐ V (i = 1, 2, . . .)
with pairwise disjoint interiors and such that for every i = 1, 2, . . . we have
f−1(Qi) ∩ U = Ui,1 ∪ · · · ∪ Ui,m ,
where the sets Ui,j ⋐ U are pairwise disjoint normal domain of f . Next we
observe that the restricted mappings
fi,j := f |Ui,j : Ui,j → Qi (i = 1, 2, . . . and j = 1, . . . ,m)
are quasiconformal homeomorphisms and
gU (y) =
1
m
m∑
j=1
f−1i,j (y)
for every y ∈ Qi. By Ho¨lder’s inequality we observe that
|DgU (y)|
p =
(
1
m
m∑
j=1
Df−1i,j (y)
)p
≤
1
m
m∑
j=1
|Df−1i,j (y)|
p
for almost every y ∈ Qi. Thus, by applying change of variable formula and
Cramer’s rule we obtainˆ
V
|DgU (y)|
p dy =
∞∑
i=1
ˆ
Qi
|DgU (y)|
p dy
≤
1
m
∞∑
i=1
m∑
j=1
ˆ
Qi
|Df−1i,j (y)|
p dy
=
1
m
∞∑
i=1
m∑
j=1
ˆ
Ui,j
|Df−1i,j (f(x))|
pJf (x) dx
=
1
m
∞∑
i=1
m∑
j=1
ˆ
Ui,j
(
|D♯f(x)|
Jf (x)
)p
Jf (x) dx
≤
KI(f)
m
ˆ
U
1
Jf (x)
p−n
n
dx <∞,
and the claim follows. 
By following the fundamental works of Gehring [Geh73], Elecrat and Mey-
ers [EM75], and Martio [Mar74] and then applying the theory of Mucken-
houpt weights, see e.g. [Ste93, Chapter V], one obtains
1/Jf ∈ L
q
loc(Ω) for some q > 0,
see [HKZ07, p. 254] for further details. This gives us the following corollary
of Proposition 5.4:
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Corollary 5.5. Let
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
be a non-constant quasiregular mapping. Suppose that U ⋐ Ω is a nor-
mal domain of f . Then there exists an exponent p > n such that gU ∈
W 1,p(f(U),Rn).
In addition, by applying Proposition 5.4 and (1.8) we get the following
result in the planar case:
Corollary 5.6. Let
f : Ω→ C (Ω ⊂ C domain)
be a non-constant K-quasiregular mapping and U ⋐ Ω a normal domain
such that m := µ(f, U). Then
gU ∈W
1,p(U,C) for all p < 2Km/(Km− 1).
6. Proof of Theorem 1.3
Before proving Theorem 1.3 we give a preliminary result which we apply
together with Proposition 5.4 to give an upper Hausdorff dimension estimate
for the inf-index branch set. In the proof of the following result we use a
similar kind of technique as in [Kau00, Theorem 1], see also e.g. [HH15]:
Proposition 6.1. Let
f : Ω→ Rn (Ω ⊂ Rn domain with n ≥ 2)
be a non-constant quasiregular mapping such that Bf 6= ∅. Suppose that
U ⋐ Ω is a normal domain of f such that
N(f, U) = inf
x∈Bf
i(x, f),
and
gU ∈W
1,p(U,Rn) for some p > n.
Then
dimH(Bf ∩ U) ≤
p dimH f(Bf ∩ U)
p− n+ dimH f(Bf ∩ U)
.
Proof. Because
N(f, U) = inf
x∈Bf
i(x, f),
it follows from Corollary 5.3 that
Bf ∩ U = gU (f(Bf ∩ U)).
Denote
α := dimH f(Bf ∩ U) and β := dimH gU (f(Bf ∩ U)).
Let
a = α+ δ for some δ > 0.
For given ε > 0 and r > 0 we may cover f(Bf ∩ U) with non-overlapping
cubes Qi = Q(xi, ri) such that
sup
i
ri < r and
∑
i
rai < ε.
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Then by Sobolev embedding theorem we get
diam(gU (Qi)) ≤ C(n, p)r
1−n
p
i
(ˆ
Qi
|DgU (y)|
p
) 1
p
.
Therefore, we have
∑
i
diam(gU (Qi))
b ≤ C(n, p, b)
∑
i
[
r
b(p−n)
p
i
(ˆ
Qi
|DgU (y)|
p dy
) b
p
]
≤ C(n, p, b)
(∑
i
ˆ
Qi
|DgU (y)|
p dy
) b
p
(∑
i
r
b(p−n)
p−b
i
) p−b
p
< C(n, p, b)ε,
for every
b ≥
ap
p− n+ a
=
(α+ δ)p
p− n+ (α+ δ)
.
Thus, by letting δ → 0 we obtain
dimH(Bf ∩ U) = β ≤
αp
p− n+ α
,
which ends the proof. 
Proof of Theorem 1.3. For the contradiction suppose that Bf 6= ∅. By using
Lemma 3.1 we may fix a normal domain U ⋐ Ω such that
N(f, U) = inf
x∈Bf
i(x, f).
Then by Corollary 4.2 we have
dimH f(Bf ∩ U) ≤ αf dimH(Bf ∩ U).(6.1)
On the other hand, under the assumptions of the theorem we have
1/Jf ∈ L
q(U) for some q >
2
n(1− αf )
− 1,
and therefore Proposition 5.4 gives us
gU ∈W
1,p(f(U),Rn) for some p >
2
1− αf
.
Thus, Proposition 6.1 implies that
dimH(Bf ∩ U) ≤
p dimH f(Bf ∩ U)
p− n+ dimH f(Bf ∩ U)
.(6.2)
By combining (6.1) and (6.2) we get
dimH f(Bf ∩ U) ≤ αf
(
p dimH f(Bf ∩ U)
p− n+ dimH f(Bf ∩ U)
)
.(6.3)
As by [Ric93, Proposition III.5.3]
dimH f(Bf ) ≥ n− 2(6.4)
is positive whenever n ≥ 3, and
1− αf > 0
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whenever KI(f) < infx∈Bf i(x, f), we may rewrite (6.3) as follows
p ≤
n− dimH f(Bf ∩ U)
1− αf
≤
2
1− αf
,(6.5)
where the second inequality follows from (6.4). However, (6.5) contradicts
the fact p > 21−αf and the claim follows. 
7. Proof of Theorem 1.4
In some sense Theorem 1.4 gives us an explanation why the local homeo-
morphism property might fail in the planar case even for 1-quasiregular
mappings:
Proof of Theorem 1.4: We start by proving the positive statement of the
theorem:
Part I: Local homeomorphism property of f : Suppose that
1/Jf ∈ L
q
loc(Ω) for some q ≥
αf
1− αf
.
For the contradiction assume that Bf 6= ∅. Without loss of generality, we
may assume that
0 ∈ Bf and f(0) = 0, and denote m := i(0, f).
By (2.1) and Lemma 3.1 there exist a radius r0 > 0 and a constant C > 0
such that U(0, f, r) is a normal neighborhood of the origin for every radius
0 < r ≤ r0 and
|f(x)| ≤ C|x|1/αf whenever |x| < r0.(7.1)
Moreover, because the branch set is a discrete set we have
Bf ∩ U(0, f, r) = {0}
for all 0 < r ≤ r0. Especially, if we denote r˜0 := r
1/αf
0 then it follows from
(7.1) that
D(0, rαf ) ⊂ U(0, f, r) whenever 0 < r < r˜0,(7.2)
where by D(z, s) we denote a disc of radius s > 0 centered at a point z ∈ C.
In what follows we denote Dr := D(0, r).
Let us fix a radius
0 < r < min{r˜0, 1}.
Similarly as in the proof of Proposition 5.4 we cover Dr \{0} by a countable
collection of closed squares {Qi}
∞
i=1 with disjoint interiors and such that
f−1(Qi) = Ui,1 ∪ · · · ∪ Ui,m,
where the sets Ui,j ⋐ U(0, f, r) \ {0} are pairwise disjoint normal domains
of f . Then the restricted mappings
fi,j := f |Ui,j : Ui,j → Qi (i = 1, 2, . . . and j = 1, . . . ,m)
are quasiconformal homeomorphisms. Especially, by (7.2) we obtain∑
i,j
ˆ
Dr
Jf−1i,j
(y)χQi(y) dy = |U(0, f, r)| ≥ r
αf ,(7.3)
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where χQi stands for the standard characteristic function of the square Qi.
Now it follows from the assumption q ≥ αf/(1−αf ), Ho¨lder’s inequality,
estimate (7.3), and the change of variable formula that
1 ≤ r−2(q−αf (q+1)) = Cr−2q|D(0, rαf )|q+1
≤ Cr−2q
( ∞∑
i=1
m∑
j=1
ˆ
Dr
Jf−1i,j
(y)χQi(y) dy
)q+1
≤ C
∞∑
i=1
m∑
j=1
ˆ
Dr
Jf−1i,j
(y)q+1χQi(y) dy
= C
∞∑
i=1
m∑
j=1
ˆ
Dr
1
Jf (f
−1
i,j (y))
q
Jf−1i,j
(y)χQi(y) dy
= C
∞∑
i=1
m∑
j=1
ˆ
Ui,j
1
Jf (x)q
dx
= C
ˆ
U(0,f,r)
1
Jf (x)q
dx,
where the constant C > 0 varies line by line but is independent on r > 0.
By applying Lemma 3.1 we see that this leads to a contradiction if we let
the radius r tend to zero. Therefore, it remains to prove the sharpness of
the theorem.
Part II: Optimality of the critical exponent: Sharpness of the theorem is
given by the mapping
f : D→ C, f(z) = zm|z|−
m(K−1)
K
of the unit disc D ⊂ C, where m ≥ 2 is an integer and 1 ≤ K < m is some
real number. Indeed, in polar coordinates the mapping takes the form
(r, θ) 7→ (rm/K ,mθ) .
Therefore, it is an m-to-1 mapping such that
KI(f) = ess sup(r,θ)∈(0,1)×(0,2π)
mr
m−K
K
(m/K)r
m−K
K
= K.
Especially, it follows that KI(f) < m and
ˆ
D
1
Jf (z)p
dz =
2piK
m2
ˆ 1
0
t
t
2p(m−K)
K
dt .(7.4)
Integral (7.4) is finite if and only if p < Km−K which means that
Jf ∈ L
p(D) for all p <
αf
1−αf
.
This proves the sharpness of Theorem 1.4. 
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